Abstract. This paper presents the results of the investigation of the residual tropospheric error influence on coordinate determination in a GNSS landing system. The ICAO recommended methodology for residual tropospheric error calculation is taken as a basis for the present research. Special attention is paid to the troposphere refractivity index and troposphere scale height, which are derived from the well-known troposphere refraction MOPS model. A computer simulation is performed for them for the whole year and the northern hemisphere latitudes. Hardware in the loop simulation has been performed to complement the computer simulation study and investigate the situation with the residual tropospheric error calculation for the experimental GNSS satellites configuration. The experimental measurement session with a duration of about 9 hours is recorded to obtain the configuration of real navigation satellites The residual tropospheric error in meters is calculated for each navigation satellite visible during the experiment. The authors investigate the residual tropospheric error influence on the accuracy of the coordinates determined in the GNSS landing system.
Introduction
The Global Navigation Satellite System (GNSS) is a core technology that has led to the development of the Performance Based Navigation (PBN) concept. It is also the basis for future improvements in navigation services (International Civil Aviation Organization [ICAO], 2012a [ICAO], , 2016 .
The aviation industry has embraced the ground based augmentation system (GBAS) owing to its multiple advantages, in particular, ability to meet the stringent requirements of the aviation community (system accuracy, continuity, availability, and integrity for the intended operation). Augmentation information is commonly provided for a local limited area, e.g., the vicinity of the airports (Hofmann-Wellenhof, Lichtenegger, & Wasle, 2008) . The GBAS is intended to support all types of approach, landing, departure, and surface operations, and may support en-route and terminal operations (ICAO, 2012a (ICAO, , 2012b . The use of the PBN and GNSS landing system (GLS) procedures will enhance the reliability and predictability of approaches to runways, thus increasing safety, accessibility, and efficiency (ICAO, 2016) .
According to EUROCONTROL, the GBAS provides a cost-efficient solution, since only one ground station is needed to service multiple approaches to all runways at an airport. Its advanced procedures can directly support busy airports with capacity limitations, aiming to address noise issues and efficient arrival paths. The GBAS has gained international support as well as significant operational experience. It is now firmly positioned in the aviation navigation mix as the logical follow-on to the PBN in the precision approach phase of flight. Currently, GBAS Category I operations are implemented at the following airports: Bremen, Malaga, Frankfurt, and Zurich (EURO-CONTROL, n.d.).
The typical GBAS consists of ground and airborne elements (Hofmann-Wellenhof et al., 2008) . A GBAS ground subsystem typically includes 2-4 reference GNSS receivers, ground processing facilities and a VHF data broadcast (VDB) transmitter (working at the frequency band 108-117.975 MHz). The GBAS ground subsystem can support all the airborne subsystems within its coverage, providing the aircraft with approach data, corrections, and integrity information for the GNSS satellites in view (ICAO, 2012a (ICAO, , 2012b RTCA, 2004 ).
General regulations
To obtain a navigation solution with the increased accuracy, the GBAS system corrects the pseudo-ranges measured at the airborne subsystem by means of information obtained from the ground subsystem. The correction of the pseudo-range for a given satellite is performed in the following way (ICAO, 2012b; RTCA, 2004) :
Typically, the differential mode provides the maximum compensation of the tropospheric error in the pseudoranges due to the correlation of errors in the base and rover receiver. However, the significant differential altitude between the base (ground subsystem) and rover (airborne subsystem) receivers characterizes its implementation for aviation (GBAS). This causes the decorrelation of errors between them, and, therefore, the residual tropospheric error TC (1) increase. The airborne subsystem calculates it for a given satellite according to the following formula (ICAO, 2012b; RTCA, 2004) :
The physical meaning of the parameters used for the tropospheric error simulation according to Equation (2) is illustrated in Figure 1 .
The aim of this article is to address the residual tropospheric error TC (2) calculation using the ICAO recommended methodology (ICAO, 2012b; RTCA, 2004) and then to investigate its influence on the accuracy of coordinate determination in the GNSS landing system. This article continues the research presented in . It extends the hardware in the loop simulation part, providing comparison of the residual tropospheric error in meters for the difference of two altitudes between airborne and ground receivers. Additionally, this paper introduces the investigation of the influence of the residual tropospheric error on the determination of coordinates. The methodology of the residual tropospheric error investigation (ICAO, 2012b; RTCA, 2004 ) requires a number of parameters generated both by the airborne and ground sub-systems of the GBAS. First, it is necessary to consider the ways of deriving those parameters. Then, a more detailed study for different conditions should be carried out by means of corresponding computer simulations.
To investigate the residual tropospheric error calculation for a real navigation satellite configuration, and to estimate the error's influence on the accuracy of coordinates' determination, it is suggested to perform a longterm recording of GNSS data to be used as input simulation parameters.
The proposed methodology for tropospheric error calculation and simulation

The basic methodology for the calculation of tropospheric parameters
Based on the research results described in (Schüler, 2001) , the methodology for the troposphere zenith delay, refraction index, and scale height simulation is proposed.
The troposphere zenith delay is the delay that occurs in the ground subsystem when the satellite is in zenith relative to the antenna of the ground subsystem. It is defined as follows: ( ) 6 6 0 10 10
The troposphere refraction index consists of dry and wet components:
Similarly, for the zenith troposphere delay,
The components of the zenith troposphere delay are defined as follows: ( ) 6 6 10 10 ,
10 10
Substituting Equations (3), (6) and (7) into Equation (5) yields: 6 6 6 0 10 10 10
Taking into account Equation (4), from (8), it is possible to get the expression for the troposphere scale height: The model for defining the refraction index at sea level is known since the 50-ies and, according to (HofmannWellenhof et al., 2008) or (Schüler, 2001) , is expressed as follows:
The partial pressure of water vapor at sea level can be defined from the following equation:
There are a few models for defining the wet and dry refraction indexes, namely the Hopfield model (Hopfield, 1969) , Saastamoinen model (Saastamoinen, 1972) , Black model, model of New Brunswick University, GCAT, and MOPS models. These models have been reviewed in more detail in (RTCA, 2016; Schüler, 2001; Pershin, 2009 ). The Hopfield and MOPS models will be considered in the present paper.
The Hopfield model defines the dry and wet components of the troposphere refraction index as follows: (9)- (14) for the calculation of the troposphere scale height and refraction are presented in a slightly different way in (Warburton, 2010) ; however, those formulae imply the availability of meteorological data (surface temperature, static pressure, and relative humidity).
The MOPS model is more detailed (RTCA, 2016; Schüler, 2001) . This model has been developed with the use of a huge amount of measurements of real troposphere parameters; therefore, it can represent a real situation. Although according to (Schüler, 2001) , the accuracy characteristics of this model are worse, its advantage is the absence of requirements for the measured meteorological data. This might be beneficial in applications for unmanned aerial vehicles (UAV), as in (Kutsenko, Ilnytska, Kondratuik, & Konin, 2017) , where a simplified version of the GBAS is proposed.
Instead of the measured meteorological data, the meteorological parameters in the MOPS model are defined as:
First of all, it is necessary to choose the 
Afterwards, correction according to the Day of the Year is applied:
In the next step, the meteorological parameters for the specified height should be defined.
Calculation and simulation of troposphere refraction index components
The temperature in the troposphere can be approximated linearly using the temperature lapse rate (Schüler, 2001 ):
Now it is possible to define the pressure. The equation for hydrostatic equilibrium follows from the ideal gas laws of Gay-Lussac and Boyle-Mariotte and can be expressed in differential form as:
The density is related with pressure in the following way:
This leads to the differential equation:
Taking into account (18), the differential equation (19) can be solved by integration with respect to height from the mean sea level to the ground subsystem:
Taking into account the abovementioned calculations, we obtain the following expression for the partial pressure of water vapor:
After substituting the meteorological parameters obtained above by Equations (10) and (11), it is possible to define the dry and wet refraction indices: 
A computer simulation has been performed for the parameters defined according to equations (24) and (25) for the whole year period and latitude ranges of 0-90°. The results of the simulation are presented in Figures 2 and 3 . In the figures, the following designations are used: abscissa axis stands for months, ordinate axis -latitude (degrees), and the gradient depicts the dry and wet components of the troposphere refraction index (mm/km) respectively.
As seen in Figure 2 , the dry refraction index N d reaches its maximal value, which is about 320 mm/km for the latitudes 80-90° in late January, and a minimum value, which is about 260 mm/km for the latitudes 20-30° in early August. Near the equator and up to 15°, it has low values. In contrast, the wet refraction index N w (Figure 3 ) reaches the peak minimal value, which is about 0 mm/ km, for the latitudes 80-90° in late January, and a maximal value of 140 mm/km for the latitudes 20-30° in early August. Near the equator and up to 15°, it has high values.
Calculation and simulation of troposphere scale height components
Equation (6) can be integrated after substituting the dry component of the refraction index, previously obtained in equation (24), into it to obtain the dry component of the troposphere zenith delay:
As a result, the height of the dry component of the troposphere scale height is defined using Equation (6): 
After simplification, we obtain the following:
Equation (7) can be integrated after substituting the wet component of the refraction index, previously obtained in Equation (25), into it to obtain the wet component of the troposphere zenith delay:
Afterwards, we define the wet component of the troposphere scale height using Equation (7), and, after some simplifications, we obtain the following:
A computer simulation has been performed for the dry and wet components of the troposphere scale height ( d h , The designations for the abscissa and ordinate axis are the same here, as for Figures 2 and 3 , but the gradient here depicts the dry and wet components of the troposphere scale height (m) respectively. As seen in Figure 4 , the dry component of the troposphere scale height h d reaches the peak minimal value, which is about 7200 m for the latitudes 80-90° in late January, and the maximal value of 9000 m for the latitudes 20-30° in early August. Near the equator and up to 15°, the values remain high. In contrast, the wet component of the troposphere scale height h w ( Figure 5 ) reaches the peak maximal value, which is about 3600 m for the latitude 60° in late January, and the minimal value of 2000 m for the latitude 30° in early August.
Troposphere refraction index and scale height simulation
Based on the results presented in the previous subsection, a computer simulation has been performed for the troposphere refraction index N R and scale heigh h 0 for the whole year period, latitude ranges 0-90°, and the height of a ground subsystem of about 120 m. The results of the simulation are presented in Figures 6 and 7 . The designations for the abscissa and ordinate axis are the same here as for the Figures 2 and 5 , and the gradient depicts the troposphere refraction index (mm/km) and scale height (m) respectively.
As seen in Figure 6 , the troposphere refraction index N R reaches the peak minimal value, which is about 3100 mm/km at the latitude 45° in late January, and the maximal value of 400 mm/km at the latitude 30° in early August. The troposphere scale height h 0 (Figure 7) , in contrast, reaches the peak maximal value, which is about 7600 m for the latitude 45° in late January, and the minimal value of 6500 m for the latitude 30° in early August.
Residual tropospheric error simulation
Based on the simulation results for the troposphere refraction index N R and troposphere scale height h 0 , presented in Figures 6 and 7 , the residual tropospheric error can be simulated for any navigation satellite and specified altitude difference between airborne and ground subsystems on any day of the year ( Figure 8) .
The abscise axis in Figure 8 includes all possible values of the navigation satellite elevation angles. The ordinate axis reflects the dependence of the residual tropospheric error on the navigation satellite elevation angles and altitude difference between airborne and ground subsystems, simulated according to Equation (2). The gradient depicts the altitude difference between airborne and ground subsystems in meters. The choice of altitude difference values is substantiated by the corresponding requirements laid out in (ICAO, 2012b; RTCA, 2004), which specify that the GBAS coverage in the vertical plane is between 30 m (100 ft) and 3 000 m (10 000 ft). The values of N R (h) and h 0 (h) needed in Equation (2) were calculated according to Equations (4) and (9) for mid-May in the location of Kyiv to reflect the experiment that was performed and is described in greater detail in the next subsection.
Hardware-in-the-loop simulation of the residual tropospheric error for an experimental GNSS satellite configuration
To complement the computer simulation study and calculate the residual tropospheric error for an experimental configuration of GNSS satellites, a hardware-inthe-loop simulation has been performed. The facilities of the "Global navigation satellite systems experimental monitoring complex" of the National Aviation University (Kyiv) , which belongs to the objects of National Heritage of Ukraine, were used (Cabinet of Ministers of Ukraine, 2013). Its geographical coordinates are 50° 26' N latitude and 30° 25' E longitude and its height above sea level is 120 m. The complex houses different high quality GNSS receivers and antennas from NovAtel Inc. (NovAtel Inc., n.d.), among which are the GNSS receiver DL-4plus and antenna GPS-702-GG, which were used during the 9-hour measurement session in mid-May. To determine the navigation satellite positions, we used the ephemeris data obtained from the measurement session according to the methodology presented in IS- GPS-200 (Global Positioning Systems Directorate, 2016) . The reference coordinates of the antenna were calculated from the recorded raw data by means of a specialized GNSS post-processing software package -the GrafNav/ GrafNet 8.70 by Waypoint Inc. (NovAtel Inc., 2018) .
The residual tropospheric error for each navigation satellite observable during the experimental measurement session has been calculated according to equation (2). The sky plots of the navigation satellite configuration during the experiment are presented in Figures 9 and 10 , where the value of the residual tropospheric error in meters is depicted by means of a color gradient. Figure 9 illustrates the altitude difference between airborne and ground subsystems of 1000 m, and Figure 10 -a 3000 m difference. As observed in Figures 9 and 10 , the sky plots are identical, differing only by the value of the residual tropospheric error obtained during simulation. It is evident that the value of the residual tropospheric error essentially depends on the elevation angle of the GPS satellite and reaches near zero values in zenith, tends to increase at elevation angles 30 and lower, and up to 7 m near the horizon for the altitude difference between airborne and ground subsystems of 3000 m.
Figures 9 and 10 also illustrate that navigation satellites located closer to the North have higher values of the residual tropospheric error than the ones located closer to the South. This can be explained by the features of the navigation satellite orbits and the receiver's location during the described measurement session. 
Investigation of the residual tropospheric error's influence on the coordinate determination accuracy in the GNSS landing system
Taking into account what is mentioned above, it is sensible to consider the influence of the residual tropospheric error on the accuracy of the coordinates in the horizontal and vertical planes. First, we need to determine the influence of the residual tropospheric error on the accuracy of the calculated coordinates in the ECEF reference frame , ,
 . To do this, the vector containing the residual tropospheric errors i TC for each i-th (i = 1…N) visible navigation satellite is multiplied by the projection matrix P , of a size [Nx3] . This matrix projects the values aligned with the lines between the receiver and each observable navigation satellite in the ECEF reference frame.
The row of this matrix is as follows:
Here , ,
R R R
X Y Z are obtained from the GrafNav/GrafNet software package (NovAtel Inc., 2018); , ,
X Y Z are obtained from the ephemeris according to the methodology presented in (Global Positioning Systems Directorate, 2016; ICAO, 2016) . The distance between the receiver and the i-th navigation satellite is calculated as follows:
Afterwards, the influence of the residual tropospheric error on the accuracy of the calculated ENU coordinates can be obtained by multiplying the vector obtained above , ,
 on the corresponding transformation matrix (Grewal, Andrews, & Bartone, 2013, p. 517) :
Here , R R ϕ λ are obtained from the GrafNav/GrafNet software package (NovAtel Inc., 2018) .
Finally, the obtained horizontal TC H = ( ) ( ) (ICAO, 2012b; RTCA, 2004) , as mentioned in the previous subsection.
The plots are analysed in greater detail. For a 3000 m altitude difference between airborne and ground subsystems, the residual tropospheric error on coordinate determination reaches 13 m in the horizontal and 9 m in the vertical planes, and, for a 1000 m altitude difference, reaches 6 m for the horizontal and 4 m for the vertical planes.
As seen in Figures 11 and 12 , the vertical component of the residual tropospheric error, in general, has higher values, but a smoother shape in comparison with the horizontal component. The higher values of the vertical component can be explained as follows. The residual troposphere correction TC , calculated according to equation (2), highly depends on the h ∆ (the difference in altitude between airborne and ground subsystems). Therefore, after the transformation according to the relations (31-32) to the ENU coordinate frame, it naturally has a higher impact on the vertical component U TC . Due to this, it is It is also notable that the horizontal component of the residual tropospheric error (Figure 11 ) varies significantly with time in comparison with the vertical one (Figure 12 ). This happens because of the geometry of the visible satellites with respect to the user's position varies more in the horizontal plane. This is highly related with a measure of instantaneous geometry, i.e., the delusion of precision in the horizontal and vertical planes (HDOP and VDOP factors), as described in (Hofmann-Wellenhof et al., 2008) .
When analysing Figure 11 in greater detail, it is evident that, at some moments in time (for example, between 8:00 and 10:00), there were cases when the horizontal component of the residual tropospheric error's influence on coordinate determination had zero values, while this was not observed for the vertical component. This can be explained by the particular geometry of the satellites at some moments in time, when the residual tropospheric error TC from each visible satellite compensated each other. After the transformation of TC according to the relations (31-32) to the ENU coordinate frame, it resulted in zero values for the East and North components.
Conclusions
The International Civil Aviation Organization (ICAO) has adopted the concept of a satellite based landing system of aircraft that involves determining the troposphere correction in a differential mode. The authors have obtained the results of an investigation pertaining to the residual tropospheric error's influence on the determination of coordinates in the GNSS landing system. The methodology for calculating the residual tropospheric error, performed by an airborne subsystem of the GBAS according to the recommendations of ICAO (ICAO, 2012b; RTCA, 2004) , has been taken as the basis for the research.
Special attention has been paid to the troposphere refractivity index and troposphere scale height, which are calculated at the ground subsystem and transmitted to the aircraft through a communication channel. Those parameters have been derived from the well-known tropospheric delay MOPS model (RTCA, 2016; Schüler, 2001) . The reason for choosing the MOPS instead of the Hopfield model (Schüler, 2001; Hofmann-Wellenhof et al., 2008) is mainly the absence of requirements for the measured meteorological data.
A computer simulation has been performed for the troposphere refractivity index and scale height, using the preliminary data obtained for their dry and wet components for the whole year and northern hemisphere latitudes.
A hardware-in-the-loop simulation has been performed to complement the computer simulation study and investigate the situation with the residual tropospheric error calculation for an experimental configuration of GNSS satellites. An experimental measurement session, which lasted approximately 9 hours, has been recorded using the facilities of the "Global navigation satellite systems experimental monitoring complex" of the National Aviation University in Kyiv. The data obtained during this experiment provided the authors with a real navigation satellite configuration. The residual tropospheric error in meters has been calculated for each navigation satellite visible during the experiment for two cases of altitude difference between the airborne and ground subsystems of the GBAS. The results have been presented as skyplots. Finally, the influence of the residual tropospheric error on the accuracy of coordinate determination in the GNSS landing system has been investigated for ten different cases of altitude difference between the airborne and ground subsystems of the GBAS. 
APPENDIX Notations
Variables and functions
